The starting point in the formulation of most acoustic problems is the acoustic wave equation. Those 
Introduction
Acoustics is often, almost automatically, associated with the classical wave equation, yet the latter describes only linear, nondissipative sound waves in an homogeneous steady medium at rest. There is an simple extension to the convected wave equation, for a medium in uniform motion by using a Galilean reference frame, for which the whole fluid is at rest. The extension to the case of a nonuniform flow is less obvious because there is no uniformly moving reference frame in which the whole fluid is at rest. An extension of the classical or convected wave equation may be required if any of the following four restrictions is lifted: ͑i͒ linearity, i.e., perturbations of the mean state with small slope; ͑ii͒ neglect of dissipation, e.g., by shear and bulk viscosity and thermal conduction; ͑iii͒ steady homogeneous medium, e.g., medium with properties, such as mass density and/or sound speed dependent on position ͑inhomogeneous͒ and/or on time ͑un-steady͒; ͑iv͒ medium at rest or in nonuniform motion, viz. nonuniform flows, e.g., potential or vortical. There are many practical situations in which one or more of these conditions are not met or are not acceptable approximations. Hence, the fundamental need to obtain more general forms of the acoustic wave equation, by lifting some of these restrictions ͑i͒-͑iv͒.
A natural starting point for the generalization of the classical and convected wave equations is the class I of linear, nondissipative waves in an inhomogeneous and unsteady potential mean flow which is discussed in Sec. 2. This removes restriction ͑iii͒ of a homogeneous and steady medium; it allows also for unsteady and/or nonuniform mean flow, relaxing restriction ͑iv͒ to a potential mean flow, for which an acoustic potential exists. The wave equation for the acoustic potential can be obtained either by elimination among the equations of motion or from an acoustic variational principle, leading to nine forms: ͑W1͒ the classical wave equation, for an homogeneous steady medium at rest; ͑W2͒ the inhomogeneous classical wave equation, for an inhomogeneous steady medium at rest; ͑W3͒ the unsteady classical wave equation for an inhomogeneous and unsteady mean state of rest; ͑W4͒ the convected wave equation, for an homogeneous steady medium in nonuniform motion, at low Mach number; ͑W5/W6͒ the inhomogeneous and unsteady convected wave equations, extending the former to inhomogeneous, nonuniform ͑W5͒ and unsteady ͑W6͒ potential mean flows of low Mach number; and ͑W8/9͒ for unrestricted Mach number, when the mass density and speed are nonuniform, the high-speed wave equation in the inhomogeneous ͑W8͒ and unsteady ͑W9͒ potential mean flows. The convected wave equation ͑W7W4͒ applies at high Mach number only for uniform mean flow ͑W7͒ and at low Mach number for nonuniform steady mean flow ͑W4͒.
The preceding 9 wave equations ͑W1-W9͒ are linear and can also be obtained as particular cases of the corresponding ͑W10-W15͒ exact nondissipative wave equations for the acoustic potential ͑see Sec. 3͒, which have nonlinear terms up to the third order, and form class II; the number of wave equations is reduced from nine ͑W1-W9͒ in the linear to six ͑W10-W15͒ in the nonlinear case, by excluding the case of nonlinear, inhomogeneous unsteady perturbations, which would be undistinguishable from the mean state. This leaves six ͑W10-W15͒ nonlinear nondissipative equations, for a medium at rest ͑W1011͒ and low ͑W1213͒ or high ͑W1415͒ Mach number potential mean flow, either homogeneous ͑W10, W12, W14͒ or inhomogeneous ͑W11, W13, W15͒.
The preceding 15 wave equations ͑W1-W15͒ are threedimensional, and their particular one-dimensional case admits a distinct generalization, viz. quasi-one-dimensional propagation in a duct of varying cross section ͑see Sec. 4͒ forming class III. In the linear case, this leads to the horn ͑W16͒, inhomogeneous horn ͑W17͒, unsteady horn ͑W18͒, plus convected nozzle ͑W19͒, inhomogeneous nozzle ͑W20͒ and unsteady nozzle ͑W21͒, plus highspeed nozzle ͑W22͒, inhomogeneous high-speed nozzle ͑W23͒ and unsteady high-speed nozzle ͑W24͒ wave equations. The latter can be obtained in three ways: ͑i͒ eliminating between the linearized equations of motion; ͑ii͒ from an acoustic variational principle adapted to ducts; as ͑iii͒ as a particular case of the corresponding nonlinear wave equations ͑W25-W30͒ in nonuniform ducts. The latter are the nonlinear horn ͑W25͒ and inhomogeneous horn ͑W26͒, nonlinear convected nozzle ͑W27͒ and inhomogeneous convected nozzle ͑W28͒, and nonlinear homogeneous highspeed nozzle ͑W29͒, and nonlinear inhomogeneous high-speed nozzle ͑W30͒ wave equations.
The preceding 30 wave equations ͑W1-W30͒ of classes I-III assume a potential mean flow, in which case an acoustic potential exists. The acoustic potential does not exist generally in a vortical mean flow, implying that sound couples with vorticity, leading ͑see Sec. 5͒ to a third-order wave equation; this generates two further classes of wave equations in vortical flows, viz. class IV for shear flows and class V for flows with swirl. Concerning class IV, a third-order scalar wave equation, using the acoustic pressure as variable, is obtained for three kinds of shear flow: ͑i/ii͒ the unidirectional shear flow, in which the mean flow velocity has constant direction, and is a function of one ͑two͒ transverse Cartesian coordinates in the plane ͑space͒; ͑iii͒ replacing by the transverse cylindrical coordinate leads the axisymmetric shear flow. The acoustic wave equations in unidirectional plane ͑W32͒, spatial ͑W34͒, and axisymmetric ͑W36͒ shear flows can be deduced for an isentropic mean flow, which allows the properties of the medium to vary across streamlines; these wave equations simplify, respectively, to W31, W33, W35 in an homentropic mean flow, when the entropy is constant everywhere instead of being only conserved along streamlines. Thus are obtained the unidirectional plane ͑W31͒, spatial ͑W33͒, and axisymmetric ͑W35͒ shear acoustic waves equations in an homogeneous medium, and the corresponding inhomogeneous unidirectional plane ͑W32͒, spatial ͑W34͒, and axisymmetric ͑W36͒ shear acoustic wave equations.
Sound in a Potential Mean Flow
The simplest forms of the acoustic wave equation for linear, nondissipative waves are the classical wave equation ͑W1͒ in an homogeneous medium at rest, and the convected wave equation extending it to the case of uniform motion at any ͑W7͒ Mach number. The extension to inhomogeneous and nonuniformly moving media is simplest in the case of homentropic potential mean flow ͑see Sec. 2͒, which may be steady or unsteady. This leads to two extensions of the classical wave equation ͑W1͒ for a medium at rest, viz. when the mean state is inhomogeneous ͑W2͒ and unsteady as well ͑W3͒. The convected wave equation ͑W4͒ applies in two cases: ͑i͒ homogeneous medium in uniform motion, with arbitrary velocity ͑W7͒, and ͑ii͒ homogeneous, steady potential flow of low Mach number ͑W4͒. Case ͑ii͒ again admits two extensions, namely the inhomogeneous ͑W5͒ ͑and unsteady ͑W6͒͒ convected wave equation, in a mean potential flow of low Mach number, which is inhomogeneous ͑and unsteady as well͒. Case ͑i͒ admits extension to the high-speed wave equation ͑W8͒, which applies to a mean potential flow of arbitrary Mach number; such a mean flow is always inhomogeneous if it is nonuniform, because the mass density and sound speed depend on the mean flow velocity. Thus, there is only one further extension, viz. the unsteady high-speed wave equation ͑W9͒ for sound in an unsteady mean potential flow of arbitrary Mach number.
Isentropic Equations of Continuity and State.
The condition of mass conservation ͓1-3͔ is the equation of continuity:
where ⌫ is the mass density and
is the exact material derivative involving the total velocity V ជ . The equation of state in the form P͑⌫ , S͒, where P is the fluid pressure and S entropy, implies
In the isentropic conditions this simplifies to
where the adiabatic sound speed is given by:
as the isentropic form of the equation of continuity.
Equation of
Momentum and Homentropic Flow. The Euler or inviscid equation of momentum ͓1-3͔,
can be written in the form
In the case of an incompressible fluid, it leads to
known as the incompressible Bernoulli equation. The Bernoulli equation is extended to compressible fluids, introducing the enthalpy
where T is the temperature, S the entropy, and T dS the heat exchanged. The latter vanishes in homentropic conditions
Substitution of ͑12͒ in ͑9͒ leads to the compressible Bernoulli equation,
where H * is the stagnation enthalpy. Since an homentropic flow S = const is always isentropic DS / Dt = 0, but the reverse may not be true, Eq. ͑13͒ has a more restricted domain of validity than ͑6͒.
Linearization About an Inhomogeneous and Unsteady Mean State.
The total state of the fluid may be considered to consist of a perturbation superimposed on a mean state, all three being in general unsteady and nonuniform, viz.:
respectively, for the flow velocity, fluid pressure, mass density, flow potential, adiabatic sound speed, temperature, entropy, and enthalpy, which are denoted by uppercase letters for the total state, lowercase letters for the perturbations, and lowercase letters with subscript "0" for the mean state ͓except for ⌰ instead of t for the temperature perturbation, to avoid confusion with time t͔. For example, if the Bernoulli equation for the mean state is subtracted from the exact Bernoulli equation and only terms linear in the perturbations are retained, the linearized Bernoulli equation is
in the incompressible case ͑10͒, and
in the compressible case ͑13͒. In both cases, the linearized form of ͑8b͒ was used
and in the incompressible case ͑15͒ the acoustic pressure is given by
in the terms of the linearized material derivative
which is similar to the exact material derivative ͑2͒, but replacing total v ជ by mean v ជ 0 flow velocity in the convective term.
Relation Between the Acoustic Pressure and Potential.
It is proven next that the relation ͑18͒ also arises from the compressible Bernoulli equation ͑16͒. The adiabatic law
where the adiabatic exponent ␥ ϵ C p / C v is the ratio of specific heats at constant pressure C p and volume C v , leads by ͑5͒ to the adiabatic sound speed
In the case of a perfect gas, of equation of state
where R is the gas constant, the sound speed ͑21͒ becomes
Only the adiabatic condition ͑20͒, not the equation of state, is needed to calculate the enthalpy
which can be substituted in the exact Bernoulli equation ͑13͒
valid in the compressible case; subtraction of the mean state from ͑25͒ leads to
which may be linearized
leading again to ͑18͒.
Acoustic Lagrangian and Variational
Principle. The acoustic kinetic energy per unit volume is specified by
in the terms of the acoustic potential ͑17͒, and the compression energy by which consists of four terms. The first two correspond to the classical wave equation ͑38͒ in a steady homogeneous medium. The third involves a nonuniform mass density, as in the inhomogeneous classical wave equation ͑37͒, and the fourth involves an unsteady sound speed. Note that the case of an inhomogeneous, unsteady medium at rest is included for the sake of completeness, as it corresponds to special conditions: ͑i͒ in the absence of mean flow v 0 = 0, the continuity equation ‫ץ‬ 0 / ‫ץ‬t = 0 allows the mass density to depend only on position 0 ͑x ជ͒; ͑ii͒ the momentum equation ᭞p 0 = 0 in the absence of external forces allows the pressure to depend on time p 0 ͑t͒; ͑iii͒ this can be consistent with the equation of state p 0 ͑s 0 , 0 ͒ only in nonhomentropic conditions; and ͑iv͒ the linear perturbations have an adiabatic sound speed c 0 ͑x ជ , t͒ = ␥p 0 ͑t͒ / 0 ͑x ជ͒. In the absence of dissipation, the equation of energy ‫ץ‬s 0 / ‫ץ‬t = 0 allows the entropic to vary with position s 0 ͑x ជ͒, and thus p 0 ͑s 0 , 0 ͒ = const and c 0 ͑x ជ͒, leading to a steady mean state; thus, an unsteady mean state could be maintained, in the absence of external forces only in the presence of dissipation, whose effect on waves is not considered in this section. In the presence of nonuniform and unsteady external forces f͑x ជ , t͒ = ٌp 0 the pressure p 0 ͑x ជ , t͒ and adiabatic sound speed c 0 ͑x ជ , t͒, can depend an position and time. This is the kind of unsteady and inhomogeneous mean state to which the unsteady classical wave equation would apply ͑assuming that the external force does not cause coupling to other types of waves in fluids, e.g., gravity, inertial or magnetic ͓17,18͔͒.
Inhomogeneous and Unsteady Convected Wave Equations.
In the case of low Mach number potential mean flow, the acoustic Lagrangian ͑30͒ simplifies to
which adds one term relative to the case ͑34͒ of a medium at rest. Substitution in the Euler-Lagrange equation ͑33͒ leads to W6:
which is the unsteady convected wave equation. Using the continuity equation ͑1͒ for the mean state
or alternatively:
the term on the right-hand side is of order ͑v 0 / c 0 ͒ 2 compared to the second term on the left-hand side and is thus negligible for low Mach number mean flow. It will be shown in Sec. 2.9 that this form of the wave equation applies equally well to unsteady and inhomogeneous mean flow at low and high Mach number W6 ϵ W5 ϵ W8 ϵ W9:
͑45͒
It follows that the unsteady convected wave equation has four equivalent forms ͑41͒ ϵ ͑43͒ ϵ ͑45͒ ϵ ͑46͒:
͑46͒
In the case of an inhomogeneous steady potential flow of low Mach number, the inhomogeneous convected wave equation retains the form ͑45͒, but ͑46͒ is replaced by
͑47͒
The unsteady ͑41͒ ϵ ͑43͒ ϵ ͑45͒ ϵ ͑46͒ and inhomogeneous ͑45͒ ϵ ͑47͒ convected wave equations apply to linear, nondissipative sound waves in a potential mean flow of low Mach number.
Conditions of Validity of the Convected Wave Equation.
In the case of steady homogeneous nonuniform potential flow of low Mach number, ͑47͒ reduces to the convected wave equation ͓19-21͔:
using the steady case of the double material derivative at low Mach number
where the last term corresponds to unsteady mean flow. The most general linear, nondissipative wave equation in a mean potential flow of low Mach number is the unsteady convected wave equation ͑46͒
which consists of eight terms: the first four coincide with the unsteady classical wave equation ͑39͒, and the last four represent steady convection ͑the fifth͒, unsteady convection ͑the sixth͒, coupling of convection to inhomogeneity ͑the seventh͒ and coupling of convection to unsteadiness ͑the eighth͒. The convected wave equation ͑48͒ is valid in an uniform mean flow of arbitrary Mach number
where
This can be proven noting that the classical wave equation ͑38͒ applies in a reference frame for which the fluid is at rest, and changing to a reference frame in which the fluid moves with uniform velocity v ជ 0 , replaces the local time derivative ‫ץ‬ / ‫ץ‬t in ͑38͒ by the linearized material derivative ͑19͒ in ͑51͒. The same proof does not apply in the case ͑48͒ of nonuniform potential flow, even steady and homogeneous, because there is no inertial frame, in uniform motion, for which the whole fluid is at rest. The classical ͑38͒ and convected ͑51͒ wave equations are the most widely used in the literature ͓22-24͔ and have one property in common: since all coefficients are constant, the wave equation is the same for all acoustic variables, e.g., potential , velocity v ជ, pressure p, or density . All other wave equations, e.g., the convected wave equation ͑48͒ in a steady homogeneous potential mean flow of low Mach number, apply only to the acoustic potential and would generally be different for other acoustic variables. 
using again the continuity equation for the mean state ͑42͒ leads to
which coincides with ͑45͒ and ͑46͒, without requiring the low Mach number approximation, made previously in ͑44͒.
Noting that ͑49͒ and ͑52͒ are particular cases of the double material derivative for unsteady mean flow of unrestricted Mach number
the unsteady high-speed wave equation ͑46͒ can be written as follows
A particular case is the steady high-speed wave equation ͓19,20͔, which retains the same form ͑45͒, and simplifies ͑compare to ͑46͒͒
and also ͓compare with ͑58͔͒:
Applied Mechanics Reviews 
The high-speed potential flow is homogeneous ͑42͒ only if the mean flow velocity is constant, leading to the convected wave equation ͑51͒.
In the latter ͑51͒, the double material derivative takes the form ͑52͒
whereas in the inhomogeneous convected wave equation ͑47͒ it takes the form
All terms of the double material derivative ͑57͒ appear in the most general linear, nondissipative wave equation in a potential flow, the unsteady high-speed wave equation ͑58͒
which consists of ten terms: the first four appear in the unsteady classical wave equation ͑39͒; the first eight appear in the unsteady convected wave equation ͑50͒; the last two are due to high Mach number convection ͑the ninth͒ and coupling of inhomogeneity to high Mach number convection ͑the tenth͒. From W9 the unsteady high-speed wave equation ͑45͒ ϵ ͑46͒ ϵ ͑55͒ ϵ ͑56͒ ϵ ͑58͒ ϵ ͑63͒, all others can be obtained as particular cases: ͑i͒ the W8 steady high-speed inhomogeneous wave equation ͑45͒ ϵ ͑59͒ ϵ ͑60͒ for steady nonuniform mean flow, and W7 convected wave equation ͑51͒ ϵ ͑61͒ for uniform flow; ͑ii͒ for low Mach number mean flow the W6 unsteady convected ͑41͒ ϵ ͑43͒ ϵ ͑44͒ ϵ ͑45͒ ϵ ͑46͒, the W5 inhomogeneous convected ͑45͒ ϵ ͑47͒ ϵ ͑62͒ and the W4 convected ͑48͒ wave equations; ͑iii͒ for a medium at rest the W3 unsteady classical ͑35͒ ϵ ͑39͒, inhomogeneous W2 classical ͑36͒ ϵ ͑37͒ and W1 classical ͑38͒ wave equations. The unsteady classical wave equation W3 in the form ͑35͒, on substitution of local time derivative ‫ץ‬ / ‫ץ‬t by linearized material derivative d / dt in ͑19͒, leads to the form ͑45͒ of the most general unsteady high-speed wave equation W9. The ten terms in the most general linear, nondissipative wave equation in a potential flow ͑63͒, viz. the unsteady high-speed wave equation W9, can be identified from the simplest wave equation in which they appear. The first two appear in the classical wave equation W1 for an homogeneous medium at rest ͑38͒. The third is due to a nonuniform mass density ͑37͒, as in the inhomogeneous classical wave equation W2. The fourth is due to an unsteady sound speed ͑39͒, as in the unsteady classical wave equation W3. The fifth is due to low Mach number convection ͑48͒, as in the convected wave equation W4. The sixth is due to the interaction of convection with inhomogeneity ͑47͒ and appears in the inhomogeneous convected wave equation W5. The seventh is due to unsteady convection ͑50͒, as in the unsteady convected wave equation W6. The eighth is due to interaction of convection with unsteadiness ͑50͒, as in the unsteady convected wave equation W6. The ninth is due to high-speed convection ͑61͒, as in the high-speed wave equation for an uniform flow W7, and the tenth is due to interaction of high-speed convection with inhomogeneity ͑60͒, and appears in the inhomogeneous high-speed wave equation W8. There is no term due to interaction of high-speed convection with unsteadiness, which would be unique to the unsteady high-speed wave equation W9.
The classical and convected wave equations W1 and W7 are widely used in the literature, sometimes even in cases where other of the more general forms W2-W6 or W8 or W9 might be more suitable. The applications of the classical and convected wave equations are extensively illustrated in textbooks and monographs on acoustics ͓9,15-17,23-36͔. A typical problem is diffraction, i.e., the solution of the acoustic wave equation, with boundary conditions at obstacles. The case of scattering by smooth obstacles involves the use of special functions, e.g., Bessel functions for cylinders ͓9͔, Legendre polynomials for spheres ͓16͔, and other special functions for a torus ͓37͔ or a rod ͓38͔. The Wiener-Hopf technique ͓39͔ is used for semi-infinite bodies, such as a wedge ͓40͔, thin plate ͓41͔, a thick plate ͓42͔, or sets of thin plates ͓43,44͔. The method also applies to a semi-infinite cylinder ͓45-47͔ and has been extended to include a uniform axial mean flow, causing a cylindrical vortex sheet ͓48,49͔ to be issued from the nozzle lip.
Nonlinear Waves in a Potential Mean Flow
The preceding linear acoustic wave equations ͑W1-W9͒ are particular cases of the exact, nonlinear potential equation; the latter thus provides an independent check on the acoustic variational principle ͑Sec. 2͒. For nonlinear waves, the perturbation may be comparable to the mean state; since the perturbations are always unsteady and nonuniform, they could not be distinguished from an unsteady and nonuniform mean state. Thus, the nonlinear ͑Sec. 3͒ acoustic wave equations in a potential mean flow allow only six cases, instead of nine in the linear case ͑Sec. 2͒. The nonlinear classical wave equation W10 may be extended to an inhomogeneous, steady mean state wave equation W11; both may be extended to low Mach number mean flow, as the nonlinear convected wave equation W12 and inhomogeneous wave equation W13. For unrestricted Mach number, the mean flow is always inhomogeneous, leading to the nonlinear high-speed wave equation W15, unless the mean flow is uniform, leading to the homogeneous high-speed equation W14. The nonlinear wave equations can be written in a form similar to the linear wave equations, replacing the linear time derivatives by nonlinear and selfconvected derivatives; the latter incorporate nonlinear terms of second order, and lead in the wave equations, to nonlinear terms up to the third order.
Exact and Stagnation Sound Speeds. The isentropic equation of continuity ͑6͒ may be written
where the second term is specified ͑11͒ by the enthalpy
substituting ͑65͒ and the exact material derivative ͑2͒ in ͑64͒ leads to the isentropic equation of continuity
The exact sound speed is specified by the Bernoulli equation ͑25͒ for homentropic potential flow, in the form ͑21͒
where c * 2 is the stagnation sound speed.
Potential Equation in
Homentropic Flow. Substituting the exact sound speed ͑67͒ for potential mean flow ͑8b͒, the isentropic equation of continuity ͑66͒ reads
The enthalpy is related ͑13͒ to the potential for homentropic flow, by
and substituting in ͑68͒ leads to
which is the exact potential equation for an homentropic flow.
3.3 Nonlinear and Self-Convected Local Derivatives. The exact sound speed ͑67͒ can be written
where ␦⌽ ␦t
is the nonlinear local derivative. It differs by the factor 1 / 2 in the second term, from the material derivative ͑2͒ for a potential flow
which may be called the self-convected local time derivative ͓24͔. Both the nonlinear ͑9͒ and self-convected ͑10͒ local time derivatives linearize in a medium at rest to the partial or local time derivative ‫ץ‬ / ‫ץ‬t. Applying the self-convected to the nonlinear local derivative,
D Dt
␦⌽ ␦t
which is a compact way of writing all terms in the exact potential equation ͑70͒, except that with the curly brackets.
Nonlinear Classical Wave Equation.
In a medium at rest, the total potential ⌽ coincides with the perturbation potential , and thus, ͑70͒ specifies the nonlinear classical wave equation
the nonlinear classical wave equation for nondissipative waves in an homogeneous fluid at rest ͑76͒ coincides with the classical wave equation ͑W1͒ in the first two linear terms ͑38͒, and adds two four nonlinear terms, two each of second ͓50͔ and third ͓24͔ order. Using ͑75͒ the nonlinear classical wave equation is put into the compact form
W10: D͑␦/␦t͒ Dt
using the nonlinear ͑72͒ and self-convected ͑73͒ local derivatives. In the linear case, these reduce to local time derivatives and, taking the constant stagnation sound speed, leads back to the classical wave equation ͑38͒. The generalization from the classical wave equation ͑38͒ ϵ ͑first two terms of ͑76͒͒ to the nonlinear classical wave equation ͑76͒ ϵ ͑77͒ involves ͓24͔ two steps: ͑i͒ replacing the sound speed for the mean state by the exact sound speed:
͑ii͒ replacing the double local time derivative
by a nonlinear local derivative ͑72͒ followed by a self-convected local derivative ͑73͒. Note that the latter two are non-linear operators, and non-commutative:
thus, if their order is changed, then ͑77͒ must be modified according to ͑79͒ and becomes less simple.
Sound Speed for the Mean Flow.
In the presence of a steady mean flow of potential 0 0 = 0: ⌽ = 0 + ͑80a͒
the time derivatives of the total potential ⌽ coincide with those of the perturbation potential , but not the spatial derivatives
for a steady mean flow ͑42͒ simplifies to ٌ .
Since a high Mach number mean flow is generally not homogeneous ͑Sec. 3.8͒, the low Mach number case is treated first ͑Sec. 3.6͒, and thus, ٌ . v ជ 0 = 0 in the case of homogeneous low Mach number mean flow. The exact sound speed ͑67͒ is given by
the sound speed c 0 for linear waves consists of the terms independent of the perturbation potential
and it coincides with the stagnation sound speed c 0 = c * for low mean flow Mach number ͑v 0 ͒ 2 Ӷ ͑c 0 ͒ 2 . The exact sound speed is thus given by
where the first-order correction involves the linearized material derivative ͑19͒. 
Nonlinear and
which is an extension acounting for the presence of mean flow
and adds to the linearized material derivative ͑19͒ the same nonlinear term. Suppressing the factor 1 / 2 in the latter, leads to the corresponding extension of ͑73͒, viz. the self-convected material derivative
The successive application of the nonlinear and self-convected material derivatives
which generalizes ͑75͒ and can be rewritten as
where the linear terms correspond to the double linearized material derivative ͑52͒.
Nonlinear Convected Wave Equation.
Substituting ͑80b͒, ͑80c͒, ͑81a͒, ͑81b͒, and ͑84͒ into ͑70͒ for steady homogeneous potential mean flow of low Mach number ٌ . v ជ 0 =0, ͑v 0 / c 0 ͒ 2 Ӷ 1, leads to the nonlinear convected wave equation
Comparing to ͑84͒ and ͑90͒ ϵ ͑91͒ shows that the nonlinear convected wave equation can be written in the compact form
which is similar to the convected wave equation ͑48͒, with two substitutions: ͑i͒ the sound speed c 0 for the mean flow is replaced by the exact sound speed in ͑85͒
͑ii͒ the double material derivative is replaced by the nonlinear and self-convected material derivatives
which have additional nonlinear terms ͑91͒.
Nonlinear High-Speed Wave Equation.
When substituting ͑80b͒, ͑80c͒, ͑81a͒, ͑81b͒, and ͑84͒ into ͑70͒, if the mean flow is of unrestricted Mach number, the following terms appear, in addition to those in ͑92͒:
Using the equation of continuity ͑42͒ and Bernoulli ͑53͒ for a steady mean state,
the two terms in ͑95͒ involving mean state quantities
cancel, as follows from the adiabatic sound speed ͑21͒ in the mean state:
Two terms in ͑95͒, linear in the perturbations,
correspond to the high-Mach number part or last term of the double material derivative ͑57͒. The remaining two terms in ͑95͒ can be put into a form, using again ͑98͒,
which is similar to the last two terms of the inhomogeneous highspeed wave equation ͑61͒, after linearization. Thus, only ͑100͒ needs to be added to ͑92͒ to specify the nonlinear inhomogeneous high-speed wave equation
and can be written in the compact form
this reduces to linear inhomogeneous high-speed wave equation ͑59͒, replacing the sound speed as in ͑94a͒, and replacing the nonlinear ͑87b͒ and self-convected ͑88c͒ material derivatives by the linearized material derivative ͑19͒ as in ͑94b͒. The compressible mean steady potential flow is homogeneous ͑96b͒, only if it is uniform, and in this case, ͑101͒ simplifies to the nonlinear homogeneous high-speed wave equation, which can be rewritten using ͑86͒ and ͑91͒,
The last two inhomogeneous terms in the most general W15 nonlinear, nondissipative wave equation ͑101͒ ϵ ͑102͒ in a steady mean potential flow, of arbitrary Mach number, arise because, for nonuniform mean flow velocity v ជ 0 , the mass density 0 and sound speed c 0 are also nonuniform, as follows from ͑96a͒ and ͑96b͒.
3.9 Inhomogeneous, Nonlinear Convected, and Classical Wave Equations. The same inhomogeneous terms apply at low Mach number, or for a medium at rest, if the mass density 0 ͑x ជ͒ and sound speed c 0 ͑x ជ͒ are nonuniform. Thus, ͑100͒ also applies to the nonlinear inhomogeneous convected wave equation W13, and ͑99͒ applies as well, with the difference that the double material derivative is given for W15 by the steady, high Mach number form ͑52͒, and for W13 by the steady low Mach number form:
which is the particular steady case of ͑49͒. The last two terms of ͑102͒, for a medium at rest reduce to just one, which can be added to the nonlinear classical wave equation ͑77͒, to lead to the inhomogeneous nonlinear classical wave equation
which can be written in the alternate form
where ͑75͒ was used. All the nonlinear, nondissipative wave equations in a homentropic potential flow are particular cases of the nonlinear highspeed wave equation ͑101͒
consists of 16 terms: the first seven coincide with the inhomogeneous high-speed wave equation ͑60͒; the next five terms are nonlinear quadratic and four appear in ͑91͒; the next two terms couple quadratically to the inhomogeneity of the medium; and the inhomogeneity of the medium does not appear in the last two nonlinear terms, which are cubic. The most general nonlinear, nondissipative acoustic wave equation in a potential flow is W15 the high-speed inhomogeneous ͑102͒ wave equation, which uses the nonlinear ͑86͒, ͑87a͒, ͑87b͒ and self-convected ͑88a͒-͑88c͒ material derivatives, and leads to the nonlinear wave equation ͑101͒ ϵ ͑107͒, of which all others are particular cases, viz. ͑i͒: the W14 high-speed homogenous nonlinear wave equation ͑103͒ϵ ͑93͒; ͑ii͒ the W13 convected inhomogeneous nonlinear wave equation ͑102͒; ͑iii͒ the W12 the convected homogeneous nonlinear wave equation ͑92͒ ϵ ͑93͒; ͑iv͒ the W11 inhomogeneous nonlinear classical wave equation ͑105͒ ϵ ͑106͒; ͑v͒ the W10 nonlinear classical wave equation ͑76͒ ϵ ͑77͒. The compact forms of the nonlinear W10 classical ͑77͒ and W11 inhomogeneous ͑105͒ wave equations use the nonlinear ͑72͒ and self-convected ͑73͒ local derivatives; the compact forms of the W12 convected and W14 high-speed wave equations ͑93͒, and also the inhomogeneous W13 and convected and W15 high-speed ͑102͒ wave equations, use the nonlinear ͑86͒, ͑87a͒, ͑87b͒ and self-convected ͑88a͒-͑88c͒ material derivatives.
The most general nonlinear, nondissipative wave equation in a steady, inhomogeneous potential flow ͑107͒ is the nonlinear inhomogeneous high-speed wave equation W15, which consists of 16 terms: the first seven terms are linear and coincide ͑60͒ with the inhomogeneous high-speed wave equation W8, and are among the ten terms of ͑63͒ already discussed ͑three are unsteady and do not appear in ͑107͒͒; of the seven second-order terms, two ͑eighth and ninth͒ appear in ͑76͒ the nonlinear classical wave equation W10, three ͑tenth to twelfth͒ involve convection and appear in ͑92͒ the nonlinear convected wave equation W12; and two ͑thirteenth and fourteenth͒ involve inhomogeneity and appear in ͑102͒, the nonlinear inhomogeneous convected wave equation W13; the two third-order terms appear in ͑76͒ the nonlinear classical wave equation. There are no third-order terms involving convection or inhomogeneity.
The nonlinear acoustic wave equations are used most often in the literature as second-order approximations ͓50͔, whereas here exact expressions have been obtained W10-W15, which turn out to involve third order non-linearities, and no higher. ͓55-57͔, fluid inhomogeneities ͓34,57-63͔, and surfaces at rest ͓64-66͔ or in motion ͓67-70͔. The aeronautical applications include sound emission by aircraft propellers ͓71-90͔, helicopter rotors ͓91-107͔, and turbomachinery ͓108,109͔ used in jet engines.
Quasi-One-Dimensional Propagation in A Nonuniform Duct
The preceding 15 ͑W1-W15͒ nondissipative wave equations in homentropic potential mean flow apply, in general, in threedimensional space, and in particular, in the plane, and also in one dimension, for a tube of constant cross section and transverse scale smaller than the wavelength, being in that case restricted to the fundamental longitudinal mode. An extension is the propagation of the fundamental longitudinal mode in a tube whose cross section may vary with the axial coordinate if it is rigid, and also with time if it is flexible. Flexible tubes lead to the coupling of sound waves in the fluid to elastic modes in the wall, which go beyond purely flow acoustics; thus, mostly rigid tubes of varying cross section are considered here for the acoustic wave equations. This leads to another set of 15 wave equations ͑W16-W30, of which six are nonlinear and nine are linear͒, for ducts without mean flow ͑horns͒ or with mean flow ͑nozzles͒ of low or high Mach number, bearing in mind that a one-dimensional flow is always potential. The six nonlinear wave equations ͑W25-W30͒ for longitudinal propagation in a quasi-one-dimensional duct of nonuniform cross section arise from those in free space, replacing the mass density per unit volume by the mass density per unit length, which is the product of the former by the cross-sectional area. The product of the cross-sectional area by the Langrangian per unit volume specifies the Lagrangian per unit length, which appears in the acoustic variational principle, specifying the nine linear wave equations ͑W16-W24͒ for longitudinal propagation in a quasi-one-dimensional duct of nonuniform and/or unsteady cross section, containing an homogeneous or inhomogeneous fluid, at rest or flowing at low or high Mach number, as a steady or unsteady mean state.
Euler-Lagrange Equation for
Ducted Sound. In the case of quasi-one-dimensional propagation along a duct of crosssectional area A͑x , t͒, which may depend on position x along the axis for a rigid duct of varying cross section, and also on time t for a collapsible duct, the mean state satisfies a one-dimensional form of the equation of continuity ͑42͒ with the mass density per unit volume 0 replaced by the mass density per unit length 0 A, viz.,
where prime denotes derivative with regard to position vЈ = ‫ץ‬v / ‫ץ‬x. Note that a one-dimensional flow is always potential
If the wavelength of sound is larger than the transverse dimension of the cross section of the duct, only longitudinal propagation is possible; assuming ͓110,111͔ that the cross section varies slowly on a wavelength scale, and neglecting variations of the wavefield over the cross section, as for the mean flow, the three-dimensional Lagrangian volume density ͑30͒ is replaced by the onedimensional Lagrangian density per unit length of duct
where the linearized material derivative ͑19͒ is
The duct acoustic Lagrangian ͑110͒ depends on the potential , and its temporal and spatial Ј derivatives. It depends explicitly on position x for a duct of varying cross section AЈ 0, which contains a nonuniform mean flow v 0 Ј 0, and it will depend explicitly on time for a collapsible duct Ȧ 0, which may contain an unsteady mean flow v 0 0, even if the mass density is constant 0 = const; inhomogeneity and unsteadiness occur generally as a consequence of mass density 0 or sound speed c 0 , depending both on position x and time t. The action ͑32͒ now involves the integral of the duct Langrangian ͑110͒ over time and the longitudinal coordinate along duct ␦ ͵ L * ͑; ,Ј;x,t͒dxdt = 0 ͑112͒ and the condition of stationary action leads to ͓112-114͔ the Euler-Langrange equation
which will be shown in Sec. 4.2 to specify the acoustic wave equations for the duct.
Unsteady and Inhomogeneous Horn Wave Equations.
A duct without mean flow may be designated a horn, and the corresponding Lagrangian ͑110͒ is
Substitution in the Euler-Lagrange equation ͑113͒ and use of the equation of continuity ͑108͒ for a mean state of rest ‫͑ץ‬ 0 A͒ / ‫ץ‬t = 0 leads to the unsteady horn wave equation:
In the particular case of a steady mean state, this simplifies to the inhomogeneous horn wave equation
Note that the effect of changes in cross section AЈ / A appears in the same form as that of changes is man density per unit volume o
A is the relative change in mass density per unit length. In the case of an homogeneous mean state, it simplifies further to the horn wave equation
The horn wave equation ͑117a͒ and ͑117b͒ is sometimes refereed to as Webster's equation ͓115͔, although it was obtained earlier by Rayleigh ͓116͔, by elimination among the equations of motion; the variational proof was obtained later ͓117͔. The horn wave equation can be traced back to early days of wave theory ͓118-123͔. There is extensive literature on the horn wave equation ͓124-130͔. The most general linear nondissipative wave equation for a duct containing a fluid at rest is the unsteady horn wave equation ͑115͒ viz.,
which consists of five terms: the first two form the onedimensional classical wave equation ͑38͒; the third shows that the passage from the classical to the horn wave equation corresponds to the substitution
the last two are the same as in the inhomogeneous ͑37͒ and unsteady ͑39͒ classical wave equations.
Convected Nozzle Wave Equations.
In the presence of a mean flow, the duct may be designated nozzle ͓131-137͔. For a low Mach number mean flow, the duct acoustic Lagrangian ͑110͒ has an extra term relative to ͑114͒, viz.,
Substitution in the Euler-Lagrange equation ͑113͒ leads to the unsteady nozzle convected wave equation
which may be simplified using the continuity equation ͑108͒ for the mean state
Further rearrangement in the form
shows that the term on the right-hand side can be omitted for low Mach number mean flow v 0 2 Ӷ c 0 2 , leading to
as the most compact form of the unsteady convected nozzle wave equation; this will be shown ͑Sec. 4.4͒ to hold in the same form for steady inhomogeneous mean flow, and for high Mach number convection as well. For a steady mean state, ͑124͒ remains valid as the inhomogeneous convected nozzle wave equation, which has the alternate forms,
In the case of an homogeneous fluid, it reduces to the convected nozzle wave equation
of which a number of exact solutions are known ͓131,132,134-137͔. The convected nozzle wave equation ͑126a͒ is similar to the convected wave equation ͑48͒, replacing the Laplacian by the duct operator ͑119͒. The same transformation leads from the inhomogeneous convected wave equation ͑47͒ to the inhomogeneous nozzle wave equation ͑125a͒, and from the unsteady convected wave equation ͑45͒ to the unsteady nozzle wave equation ͑124͒. The latter is the most general linear, nondissipative wave equation in a duct containing a low Mach number mean flow
which consists of nine terms, viz. the eight in the unsteady convected wave equation ͑50͒, plus one arising from the transformation ͑119͒.
High-Speed Nozzle Wave Equations.
For unrestricted mean flow Mach number, all terms are retained in the duct acoustic Lagrangian ͑110͒
Substitution in the Euler-Langrange equation ͑113͒ leads to the unsteady high-speed nozzle wave equation,
which may be simplified using ͑108͒ the continuity equation for the mean state,
which leads to the form ͑124͒ without any approximation; for a steady mean state, the same form applies to the inhomogeneous high-speed nozzle wave equation ͓4,24,111͔, which can be made more explicit,
and consists of eight terms
The homogeneous case leads to the high-speed nozzle wave equation, for which a constant mass density implies constant mean flow velocity and thus a duct of constant cross section
Applied Mechanics Reviews The most general linear, nondissipative wave equation in a duct is the unsteady high-speed nozzle wave equation ͑130͒ ϵ ͑124͒, which consists of eleven terms,
viz. the ten in the unsteady high-speed wave equation ͑63͒ plus one arising from the transformation ͑119͒. The W24 unsteady high-speed nozzle wave equation ͑124͒ ϵ ͑129͒ ϵ ͑130͒ ϵ ͑131͒ ϵ ͑134͒ includes as particular cases: ͑i͒ the W23 inhomogeneous high-speed nozzle wave equation ͑124͒ ϵ ͑131͒ ϵ ͑132͒; ͑ii͒ the W22 high-speed wave equation ͑133a͒ ϵ ͑133b͒ in a uniform duct; ͑iii͒ the W21 unsteady convected nozzle wave equation ͑121͒ ϵ ͑122͒ ϵ ͑123͒ ϵ ͑124͒ ϵ ͑127͒; ͑iv͒ the W20 inhomogeneous convected nozzle wave equation ͑124͒ ϵ ͑125a͒ ϵ ͑125b͒; ͑v͒ the W19 convected nozzle wave equation ͑126a͒ ϵ ͑126b͒ ϵ ͑126c͒; ͑iv͒ the W18 unsteady horn wave equation ͑115͒ ϵ ͑118͒; ͑vii͒ the W17 inhomogeneous horn wave equation ͑116a͒ ϵ ͑116b͒; and ͑viii͒ the W16 horn wave equation ͑117a͒ ϵ ͑117b͒.
Homentropic Potential Flow in a Duct.
The equation of continuity ͑1͒ applies to a duct replacing the mass density per unit volume ⌫ by the mass density per unit length ⌫A
or, using the adiabatic equation ͑4͒,
For an isentropic flow, the enthalpy ͑11͒ may be introduced
and for a potential flow
where the exact sound speed is given by ͑67͒
and the enthalpy by ͑13͒
From ͑140͒ follows:
and substitution of ͑141a͒, ͑141b͒, and ͑139͒ in ͑138͒ leads to
which is the exact potential equation in a nonuniform collapsible duct.
Nonlinear Horn Wave Equation.
The exact sound speed ͑139͒ can be written in the form ͑71͒, where the nonlinear local time derivative ͑72͒ simplifies to ͑143a͒, ␦⌽ ␦t
and the self-convected local time derivative ͑73͒ simplifies to ͑143b͒. Applying the latter to the former leads ͑74͒ and ͑75͒ to
D͑␦⌽/␦t͒ Dt
All the nonlinear terms in ͑142͒ are included in ͑71͒ and ͑144͒, viz.,
W25: D͑␦⌽/␦t͒ Dt
− ͫ c * 2 − ͑␥ − 1͒ ␦⌽ ␦t ͬ A −1 ͓Ȧ + ͑A⌽Ј͒Ј͔ = 0
͑145͒
In a medium at rest, the total potential ⌽ coincides with perturbation potential , and thus, ͑145͒ is the nonlinear horn wave equation
W25: D͑␦/␦t͒ Dt
Linearization ͑80a͒ and ͑80b͒ puts the left-hand side of ͑146͒ in the form ͑117b͒ of the original horn wave equation; the term on the right-hand side of ͑146͒ acts as a sound source, related to unsteady changes in cross-sectional area, and is omitted in
which consists of eight terms: the first three terms are linear and coincide with the horn wave equation ͑117a͒ and ͑117b͒; the next three second-order terms ͑fourth, fifth, and sixth͒ and last two third-order terms ͑seventh and eight͒ coincide with the nonlinear classical wave equation ͑76͒ with the substitution of the Laplacian by the duct operator ͑119͒.
Nonlinear High-Speed Nozzle Wave Equation.
Since nonlinear sound waves are a nonuniform and unsteady perturbation comparable to the mean state, they can be distinguished from a mean potential flow only if it is steady, i.e., the tube is not collapsible, though the rigid tube could have varying cross sections causing the mean flow to be nonuniform. The total ⌽, mean flow 0 , and acoustic potentials thus satisfy
where v 0 Ј 0 even for a homogeneous fluid, due to changes of cross section, viz. by ͑108͒,
The sound speed for linear waves is given by ͑83͒, and the exact sound speed by ͑85͒, where the nonlinear material derivative ͑86͒, ͑87a͒, and ͑87b͒; simplifies to
whereas the self-convected material derivative ͑88a͒-͑88c͒ simplifies to
Application of the latter to the former ͑89͒ leads to ͑90͒, which simplifies
The mean state terms on the right-hand side cancel
where ͑149͒, ͑96b͒, and ͑98͒ were used. The remaining terms simplify
Substitution of ͑155͒ and ͑156͒ into ͑154͒ leads to the nonlinear high-speed nozzle wave equation
which retains the same form for low Mach number convection. Linearization using ͑94a͒ and ͑94b͒ leads to
which coincides with ͑132͒.
Nonlinear Inhomogeneous Horn Wave Equation.
Of the two last inhomogeneous terms in ͑157͒ only the first is added to left-hand side of the nonlinear horn wave equation ͑146͒ without right-hand side to lead to W 26:
D͑␦/␦t͒ Dt
the inhomogeneous horn wave equation
which consists of nine terms: the linear terms ͑first four͒ coincide with the inhomogeneous horn wave equation ͑116b͒ and the quadratic terms ͑fifth to seventh͒ and cubic terms ͑eighth and ninth͒ coincide with the nonlinear horn wave equation ͑147͒.
Nonlinear Convected Nozzle Wave Equations.
The formula ͑157͒ without the last two terms applies to the nonlinear convected nozzle wave equation
which describes nonlinear, nondissipative waves in an homogeneous steady potential mean flow of low Mach number:
and consists of 12 terms: the linear terms ͑first four͒ coincide with the homogeneous convected nozzle wave equation ͑126c͒; all the Applied Mechanics Reviews JULY 2007, Vol. 60 / 161 quadratic terms ͑fifth to tenth͒ coincide with the nonlinear horn wave equation ͑160͒, except the last three ͑eigth to tenth͒, which involve low Mach number convection; and the cubic terms ͑last two͒ coincide with the nonlinear horn wave equation ͑160͒. The nonlinear inhomogeneous convected nozzle wave equation ͑157͒,
has 14 terms, i.e., two additional terms associated with inhomogeneity, which are both linear ͑fourth and sixth͒. The nonlinear high-speed nozzle wave equation ͑157͒ is homogeneous only for uniform mean flow, which implies constant cross section, and thus reduces to the one-dimensional form of the nonlinear homogeneous high-speed wave equation ͑93͒,
which has eight terms,
of which the linear terms ͑first four͒ coincide with the convected nozzle wave equation ͑133b͒, and the quadratic terms ͑fifth to eigth͒ include a convected term ͑the seventh͒. The most general nonlinear nondissipative wave equation in a duct is the nonlinear high-speed nozzle wave equation ͑157͒,
which consists of 17 terms, viz. those in ͑163͒ plus three related to high Mach number convection, viz. two linear ͑seventh and eighth͒ as in ͑63͒, and one quadratic ͑the fifteenth͒. The W30 nonlinear inhomogeneous high-speed nozzle wave equation ͑157͒ϵ͑166͒ includes as particular cases: ͑i͒ the nonlinear highspeed nozzle wave equation W29ϵW14 in a uniform flow ͑164͒ϵ͑165͒; ͑ii͒ the W28 nonlinear inhomogeneous convected nozzle wave equation ͑157͒ϵ͑163͒; ͑iii͒ the W27 nonlinear convected nozzle wave equation ͑161͒ϵ͑162͒; ͑iv͒ the W26 nonlinear inhomogeneous horn wave equation ͑159͒ϵ͑160͒; and ͑v͒ the W25 nonlinear horn wave equation ͑146͒ϵ͑147͒. The compact forms of the non-linear W25 horn ͑146͒ and W26 inhomogeneous horn ͑159͒ wave equations, use the non-linear ͑143a͒ and selfconvected ͑143b͒ local derivatives; the compact forms of the W27 convected ͑161͒ and W29 high-speed ͑164͒ wave equations, and inhomogeneous W28 convected and high-speed W30 wave equations ͑157͒, use the nonlinear ͑151a͒-͑151c͒ and self-convected ͑152a͒-͑152c͒ material derivatives. The most general nonlinear, nondissipative wave equation in a duct of varying cross section, containing an inhomogeneous potential flow, is the nonlinear inhomogeneous high-speed nozzle wave equation W30, which consists of ͑166͒ 17 terms, of which: seven ͑first to eight, except the third͒ coincide with the inhomogeneous high-speed wave equation W8 and appear in ͑61͒; the next seven ͑ninth to seventeenth, except the eleventh and thirteenth͒ appear in ͑107͒, the nonlinear inhomogeneous high-speed wave equation W15; the effect of varying cross section appears linearly ͑third term͒ as in ͑117b͒ the horn wave equation W16; the varying cross section interacts with second-order terms ͑eleventh term͒, as in ͑147͒ the nonlinear horn wave equation W25; the varying cross section and convection appear together in a secondorder term ͑the thirteenth͒, as in ͑162͒, the nonlinear convected wave equation W27; the effect of varying cross section appears in the last third-order term, in addition to the third-order term in ͑147͒ in the nonlinear horn equation W25. Only one nonlinear term ͑the fifteenth͒ inhomogeneity and convection, and it is of the second order.
The horn wave equation W16, describing the quasi-onedimensional propagation of the longitudinal acoustic mode in a duct of varying cross section, has several analogs for onedimensional waves in inhomogeneous media, some of which date back to the origins of analytical wave theory ͓11,118,122,138,139͔; whereas others are more recent ͑e.g., ͑i͒ the vibrations of string of variable thickness ͓119-121͔, ͑ii͒ water waves in channels of variable width and/or depth ͓140͔, ͑iii͒ electromagnetic waves in non-uniform wave guides ͓141͔, ͑iv͒ longitudinal ͓130͔ or torsional ͓142͔ vibrations of elastic or viscoelastic rods; and ͑iv͒ hydromagnetic waves in magnetic flux tubes ͓143͔. The horn wave equation has exact solutions in terms of elementary functions only for ͓129͔ five shapes: the exponential ͓144,145͔, the catenoidal ͓146͔, the sinusoidal ͓147͔, the inverse catenoidal, and inverse sinusoidal ͓129͔. The exact solution of the horn wave equation for other shapes, e.g., conical ͓148-151͔, involve particular cases of special functions ͓139͔ e.g., Bessel functions for power law ducts ͓152͔ and Hermite functions for the Gaussian horn ͓153͔.
The acoustics of horns has been extensively researched ͓128͔, including more complex horn shapes ͓154-157͔, transmission lines ͓158͔, linear transient ͓159͔, and nonlinear ͓160͔ transients. Some horn shapes have been found empirically long before been studied analytically ͑e.g., the only acoustically transparent horn shape ͑i.e., without cutoff frequency͒ is the sinusoidal ͓111͔, which has been used for over two centuries in the mouth of the English horn ͓147͔. The nonuniform rods whose longitudinal vibrations are used as displacement amplifiers in power tools ͓126,130,161,162͔ can have uniform strain and stress if they have a Gaussian shape suited to the operating frequency ͓153͔. Besides the older applications, such as sound waves in ducts ͓163,164͔, more recent applications include electromagnetic transmission lines ͓165,166͔. Acoustics horns are used in loudspeakers ͓124,125,167͔, in sound reproduction ͓168-171͔ and in musical instruments ͓172-175͔. The acoustics of ducts, with nonuniform cross section, and also curvature ͓176͔ is relevant to human speech ͓177-180͔ and hearing ͓181-184͔.
There is a duality principle ͓185͔ relating the acoustic fields in horns with inverse cross section. If it can be shown that the duality principle ͓129͔ does not extend ͓24͔ to low Mach number nozzles; it is possible for any duct shape to extend the sound field from horns to low Mach number nozzles, accounting ͓186͔ for the effects of non-uniform cross section, with associated nonuniform mean flow. The low Mach number nozzle wave equation can be solved in terms of special functions ͑e.g., ͑i͒ confluent hypergeometric functions for exponential nozzles ͓134͔, Bessel functions or extensions for power-law nozzles ͓187͔, modified Mathieu functions for inverse sinusoidal ͓135͔ and catenoidal ͓136͔ nozzles, and other special functions for nozzles with undulating walls ͓137͔. The acoustics of high-speed nozzle flows has also been considered ͓132,188-193͔. In general, the horn wave equation has been much more extensively researched than the nozzle wave equations, although the latter are more general and have many other important applications.
Acoustic Wave Equations in Shear Flows
The acoustic potential exists only in a potential mean flow. In a vortical mean flow, it is possible to introduce an acoustic variational principle in terms of Clebsh potentials ͓194,195͔, which are nonlocal quantitities ͓1,196͔. A scalar acoustic wave equation for nonpotential flows, e.g., sheared ͑Sec. 5͒ can be obtained in terms of the acoustic pressure by eliminating among the equations of motion. The simplest vortical mean flow is the unidirectional shear flow, in which the mean flow velocity has a fixed direction, and varies only with transverse coordinate͑s͒ ͑e.g., one transverse Cartesian coordinate for plane unidirectional shear, two transverse Cartesian coordinates for spatial unidirectional shear flow, and one transverse radial coordinate for axisymmetric unidirectional shear flow͒. The nondissipative, linear acoustic wave equations for in a plane ͑W32͒, spatial ͑W34͒, and axisymmetric ͑W36͒ shear flow assume isentropic conditions, which allow transversely nonuniform mass density and sound speed. A unidirectional shear flow has always constant pressure, and if it is homentropic as well, then it is homogeneous, i.e., the mass density and sound speed are constant. This leads to the acoustic wave equations in plane ͑W31͒, spatial ͑W33͒, and axisymmetric ͑W35͒ homogeneous unidirectional shear flow. The latter ͑W35, W36͒ are derived here for axisymmetric acoustic modes and extended in future work to nonaxisymmetric acoustic modes and swirling as well as sheared mean flow.
Linear Perturbations of Steady Mean Flow.
The equations of continuity ͑1͒, momentum ͑7a͒, and adiabaticity ͑4͒, simplify for ͑2͒ a steady mean flow,
and their linearization ͑14͒ leads to:
where the linearized material derivative ͑19͒ was used. Substituting ͑168c͒ into ͑168a͒ leads to c 0 −2 ͩ dp dt
as the adiabatic equation of continuity.
Plane Unidirectional Shear Flow.
For plane unidirectional shear flow the mean flow velocity may be taken in the x direction, and varying in the y direction ͑170a͒,
and the momentum equation ͑167b͒ implies constant mean flow pressure ͑170b͒, whereas the equations of continuity ͑167a͒ and adiabaticity ͑167c͒ allow the mean state mass density 0 ͑y͒ and hence ͑5͒ the sound speed c 0 ͑y͒, to depend on the transverse coordinate. Thus, although the mean flow is isentropic, i.e., ‫ץ‬s 0 / ‫ץ‬x = 0, the entropy may vary from one streamline to another s 0 ͑y͒, e.g., for a perfect gas ͑23͒, the mean flow may be nonisothermal. For a plane unidirectional shear flow ͑170a͒ and ͑170b͒, the ͑x , y͒ components of the acoustic velocity perturbation ͑u , v͒ satisfy the momentum equation ͑168b͒
and the adiabatic continuity equation ͑169͒ 1 c 0 2 dp dt
which also involve the acoustic pressure perturbation. The linearized material derivative ͑19͒ is given for plane unidirectional shear flow ͑170a͒ by
and thus commutes with the partial derivative in the x direction but not in the y direction,
The relations ͑174a͒ and ͑174b͒ are involved in the elimination between the linearized equations of motion ͑171a͒, ͑171b͒, and ͑172͒ to obtain the acoustic wave equation in a shear flow. 
Isentropic and Homentropic
In the absence of shear flow,
This coincides with the inhomogeneous convected wave equation W5, since in ͑47͒ one term vanishes ͑v ជ 0 . ٌ͒c 0 −2 = 0. The inhomogeneous term ٌp . ٌ͑log 0 ͒ has reversed sign relative to −ٌ . ٌ͑log 0 ͒ because p =− 0 d / dt =− 0 in ͑18͒. In particular, the convected wave equation W4 is proved ͑48͒ in three distinct ways: ͑i͒ from the acoustic variational principle for potential mean flow ͑Sec. 2͒; ͑ii͒ linearizing the exact potential equation ͑Sec. 4͒; and ͑iii͒ eliminating between the equations of motion ͑Sec. 5͒.
In the presence of shear in the mean flow, the term involving Applied Mechanics Reviews JULY 2007, Vol. 60 / 163 the acoustic velocity perturbation on the left-hand side of ͑176͒ may be eliminated applying the linearized material derivative once more,
and using ͑171b͒, viz.
is the ͓197͔ the plane shear acoustic wave equation
which applies to linear, nondissipative acoustic waves in a plane, isentropic, unidirectional shear flow. If the plane unidirectional shear mean flow is homentropic s 0 = const, since the pressure is constant ͑170b͒, it follows from the equation of state 0 ͑s 0 , p 0 ͒ that the mass density is also constant 0 = const; then, the sound speed is also constant c 0 = const, and for a perfect gas, the mean flow is isothermal T 0 = const. The acoustic wave equation ͑181͒ simplifies in an homogeneous plane unidirectional shear flow to the plane homogeneous shear acoustic wave equation
which is the form most often quoted in the literature ͓198-202͔.
The most general linear, nondissipative acoustic wave equation in an isentropic, plane unidirectional shear flow is the plane shear acoustic wave equation ͑W32͒, consisting ͑180͒ϵ͑181͒ of four terms: the first two terms coincide with the high-speed convected wave equation W7 in an uniform mean flow ͑51͒, because the unidirectional shear flow ͑170a͒ is incompressible ٌ . v ជ 0 = 0; the third term is due to interaction with inhomogeneity, as in the inhomogeneous convected wave equation ͑47͒; and the fourth term is due to the shear flow and leads to a third-order wave equation, even in the simplest homentropic case ͑182͒, of the plane homogeneous shear acoustic wave equation W31. The reason why the wave equation is of third-order may be explained by comparison to sound in a potential flow, for which the wave equation ͑W1-W30͒ is of second order because the mean flow is potential, and thus, the circulation is conserved along the streamlines according to Kelvin's theorem, implying that the convected "vortical" mode is decoupled from sound. In a sheared mean flow ͑170a͒, with mean flow vorticity ٌ ∧ v ជ 0 =−dU / dye ជ z , the vorticity perturbations couple to the two acoustic modes, leading ͑180͒ to a third-order wave equation W32.
Wave Equation for
Acoustic Pressure Spectrum. In both cases, isentropic ͑180͒ ϵ ͑181͒ or homentropic ͑182͒, the mean flow quantitities do not depend on time t and longitudinal coordinate x, suggesting a Fourier representation,
where p is the acoustic pressure perturbation spectrum for a wave of frequency and longitudinal wavenumber k at transverse position y. The linearized material derivative ͑173͒ leads to the Doppler shifted frequency.
and the wave equation for the acoustic pressure ͑181͒ in a plane isentropic unidirectional shear flow ͬ dU dy dp dy
in the case homentropic case. Note that for the plane shear wave equation for the acoustic pressure perturbation spectrum, both in the general ͑186͒ and homogeneous ͑187͒ cases, the coefficient of the highest-order derivative d 2 p / dy 2 is the Doppler shifted frequency ͑184b͒; thus, the plane shear acoustic wave equation has singularities at the "turning points" ͓203,204͔ or critical layers ͓197,202,205͔, where the Doppler shifted frequency vanishes and the wave ceases to oscillate in a local reference frame convected with the mean flow. At a critical layer, the sound field can exchange energy with the mean flow, leading to absorption or amplification.
Unidirectional Shear Flow in Space.
For unidirectional shear flow in space ͓58,206͔, the mean flow velocity ͑170a͒ may depend on two transverse coordinates,
and the mean flow pressure remains constant. There is a third component of the acoustic velocity perturbation w in the z direction in ͑168b͒, and thus, to the momentum equations ͑171a͒ and ͑171b͒, is added,
and the adiabatic equation of continuity ͑172͒ has an extra term 1 c 0 2 dp dt
together with ͑174a͒ and ͑174b͒, allows the extension of the kind of elimination in ͑176͒, viz.
‫ץ‬p ‫ץ‬x
ͪ=0 ͑196͒
These apply to linear, nondissipative acoustic waves in a spatial isentropic ͑194͒ ϵ ͑195͒ ͓homentropic ͑196͔͒ unidirectional shear flow. Introducing the acoustic pressure spectrum, 
in the isentropic case. In the case of plane unidirectional shear mean flow ‫ץ‬ / ‫ץ‬z = 0, and ͑195͒, ͑196͒, ͑199͒, and ͑200͒ simplify, respectively, to ͑181͒, ͑182͒, ͑187͒, and ͑186͒.
5.7 Axisymmetric Unidirectional Shear Flow. The acoustic wave equation was derived for unidirectional plane ͑170a͒ and spatial ͑188a͒ mean shear flow, and considered next is the case of axisymmetric mean shear flow
using cylindrical coordinates ͑r , , z͒, also in the exact equation of continuity ͑64͒
and momentum ͑7a͒:
where dot denotes derivative with regard to time Ṗ ϵ ‫ץ‬P / ‫ץ‬t and ‫ץ‬ ϵ ‫ץ‬ / ‫ץ‬ partial derivative with regard to a cylindrical coordinate ϵ͑r , , z͒. The mean state ͑201͒ leads to constant pressure, and neglecting the tangential velocity V = 0 and considering axisymetric acoustic modes ‫ץ‬ / ‫ץ‬ = 0, the equations ͑202͒, ͑203a͒, and ͑203c͒ are linearized:
where the linearized material derivative
which will be used in the elimination for the axisymmetric shear acoustic wave equation. 
͑211͒
In both cases, ͑210͒ and ͑211͒ can be introduced the acoustic pressure spectrum:
where the radial wave number k appears in the Doppler shifted frequency
In the homentropic ͑or homogeneous͒ case, it satisfies the wave equation
ͬ dp dr
which is a particular instance of
which is valid in the isentropic ͑or inhomogeneous͒ case. The linear, nondissipative acoustic wave equation has been obtained in an isentropicϵ inhomogeneous ͑homentropicϵ homogeneous͒ unidirectional shear flow, in three cases: ͑i͒ plane W32 ͑W31͒ in terms of the acoustic pressure perturbation ͑180͒ϵ͑181͒ ͓͑182͔͒ or in terms W32 * ͑W31 * ͒ of ͑183͒ the acoustic pressure perturbation spectrum ͑186͒ ͓͑187͔͒, using the Doppler shifted frequency ͑184b͒; ͑ii͒ spatial W34 ͑W33͒ in terms of the acoustic pressure perturbation ͑194͒ ϵ ͑195͒ ͓͑196͔͒ or in terms ͑197͒ of W34 * ͑W33 * ͒ its spectrum ͑200͒ ͓͑199͔͒ and the Doppler shifted frequency ͑198b͒; ͑iii͒ axisymmetric W36 ͑W35͒ in terms of the acoustic pressure perturbation ͑210͒ ͓͑211͔͒ or in terms W36 * ͑W35
* ͒ of ͑212͒ its spectrum ͑215͒ ͓͑214͔͒ and Doppler shifted frequency ͑213b͒. The linear, nondisipative acoustic wave equation in case ͑iii͒ of axisymmetric unidirectional shear flow, was restricted to axisymmetric acoustic modes ‫ץ‬ / ‫ץ‬ = 0; it will be extended in future work nonaxisymmetric acoustic modes ‫ץ‬ / ‫ץ‬ 0, allowing also for swirl, besides mean flow shear.
The acoustics of shear flows is a major topic of research ͓34,58,206,207͔ in aeroacoustics ͓208,209͔; the acoustics of shear flows is relevant to sound propagation in shear layers ͓210-216͔, and in boundary layers ͓217-219͔. Of particular interest is sound propagation in duct boundary layers ͓220-231͔. The acoustic wave equation in a two-dimensional homentropic unidirectional shear mean flow has been solved exactly for the linear velocity profile, using four methods: ͑i͒ parabolic cylinder functions ͓232͔; ͑ii͒ Whitaker functions ͓233,234͔; ͑iii͒ confluent hypergeometric functions ͓235-237͔; and ͑iv͒ functions even and odd relative to the critical layer ͓203͔. The linear velocity profile can be matched to uniform stream͑s͒ to form boundary layer or shear layer profiles with "kinks"; the mean flow vorticity is discontinuous across such kinks. The two other exact solutions concern smooth velocity profiles, with continuous mean flow vorticity, viz.: ͑i͒ the exponential shear flow ͓205͔ representing a boundary layer and ͑ii͒ the hyperbolic tangent shear flow ͓197͔ representing a shear layer. The same wave equations, with complex instead of real frequency and wavenumber, describe flow instabilities ͓238-240͔.
Discussion
The derivation of all the wave equations by the methods they were first obtained would be lengthy and inefficient. Instead, a single method has been used to derive all wave equations in each of four classes: ͑i͒ linear, nondissipative in potential mean flows, ͑ii͒ nonlinear, nondissipative in potential mean flows, ͑iii͒ linear and nonlinear in quasi-one-dimensional ducts without or with mean flow, and ͑iv͒ linear, nondissipative in shear mean flows. The approach of using a single method for each class of wave equations has other benefits in addition conciseness and efficiency: ͑i͒ it allows a number of cross checks between wave equations, where they fall in more than one of the classes; ͑ii͒ it fills many gaps in the literature, by providing wave equations in intermediate cases; and ͑iii͒ it leads to new, more general forms of the acoustic wave equation, by exploiting more fully the potential of each method.
Each of the wave equations has been given a name describing its domain of application, e.g., nonlinear high-speed nozzle wave equation for the acoustic wave equation describing for nonlinear, nondissipative waves in a quasi-one-dimensional duct containing a potential mean flow of arbitrary Mach number. Also, each wave equation has been given a number, by an approximate order of increasing complexity, indicated in Tables 1 and 2 , e.g., W30 for the high-speed nozzle wave equation. Some of the wave equations are known in the literature by the name of an author ͑not in all cases the first to derive or use it͒ for example, the horn wave equation ͑W16͒, which describes linear, nondissipative sound waves in a quasi-one-dimensional duct containing an homogeneous, steady fluid at rest, is known in the literature as the Webster ͓115͔ horn wave equation, although it was derived three years later by Rayleigh ͓116͔ and is implied in much earlier research ͓118-123,138-141,148͔. The approach of giving each wave equa-tion a scientifically descriptive name has three advantages: ͑i͒ it identifies each wave equation by a suggestive shorthand; ͑ii͒ it gives designations to those wave equations not identified in the literature with the name of an author; ͑iii͒ in the case of wave equations with appropriate ͑or inappropriate͒ author names, it provides an alternative designation consistent with the others. When more than one designation appears in the literature or is appropriate, all are mentioned.
When reviewing the different forms of the acoustic wave equations, it is appropriate to refer briefly to some of their solutions and applications in the literature. Such references will be far from exhaustive, since most acoustic problems in the literature are solutions of the wave equations in one form or another, with appropriate boundary and initial conditions, as well as forcing in some cases. Thus, the references chosen are not meant to be exhaustive, but rather indicative of the typical uses of that wave equation. The present review fills some gaps in the literature by indicating intermediate forms of the acoustic wave equations; in such cases, it is appropriate to indicate some situations or applications for which these "new" forms of the wave equation should be useful. And, last but not least, some more general forms of the acoustic wave equation are obtained; these have the potential to solve new problems, which deserve some mention. A typical use, application, or potential of each class of wave equation was discussed at the end of the corresponding section.
Nomenclature c ϭ adiabatic sound speed perturbation, Eq. ͑14͒ c * ϭ stagnation adiabatic sound speed, Eq. ͑67͒ c 0 ϭ adiabatic sound speed of mean flow, Eq. ͑83͒ h ϭ perturbation enthalpy, Eq. ͑16͒ h 0 ϭ enthalpy of mean state, Eq. ͑14͒ p ϭ acoustic pressure perturbation, Eq. ͑18͒ p ϭ acoustic pressure perturbation spectrum, Eqs.
͑183͒, ͑197͒, and ͑212͒ p 0 ϭ mean state pressure, Eq. ͑14͒ r ϭ cylindrical coordinate, Eq. ͑201͒ s 0 ϭ entropy of mean state, Eq. ͑14͒ t ϭ time, Eq. ͑1͒ v ជ ϭ acoustic velocity perturbation, Eq. ͑17͒ v ជ 0 ϭ mean flow velocity, Eq. ͑19͒ u , v , w ϭ x , y , z components of acoustic velocity perturbation, e.g., in Eq. ͑190͒ v r , v , v z ϭ components of acoustic velocity perturbation in cylindrical coordinates ͑r , , z͒, e.g., in Eq. ͑204͒ x , y , z ϭ Cartesian coordinates.
A ϭ cross-sectional area nonuniform, Eq. ͑108͒, and/or collapsible, Eq. ͑137͒, duct C ϭ exact sound speed ͑5͒ and ͑67͒. E v , E p ϭ kinetic, compression energies, Eq. ͑28͒ and ͑29͒ H ϭ total enthalpy, Eq. ͑11͒ P ϭ total pressure, Eq. ͑3͒ R ϭ perfect gas constant, Eq. ͑22͒ S ϭ total entropy, Eq. ͑11͒ T ϭ temperature, Eq. ͑11͒ T 0 ϭ temperature of mean state, Eq. ͑14͒ X ϭ set of terms in Eq. ͑95͒ V ជ ϭ total velocity, Eq. ͑1͒ V r , V , V z ϭ components of total velocity in cylindrical coordinates, Eq. ͑202͒ ␥ ϭ adiabatic exponent, Eq. ͑20͒ ϭ acoustic perturbation potential, Eq. ͑17͒ 0 ϭ mean flow velocity potential, Eq. ͑14͒ ϭ wave frequency, Eq. ͑183͒ ϭ acoustic mass density perturbation, Eq. ͑14͒ 0 ϭ mean state mass density, Eq. ͑14͒ ϭ cylindrical coordinate, Eq. ͑202͒. ⌫ ϭ total mass density, Eq. ͑1͒ ⌽ ϭ total velocity potential, Eq. ͑8b͒ L , L * ϭ acoustic Lagrangian in three dimensions, Eq.
͑30͒, for quasi one-dimensional duct, Eq. ͑110͒ d / dt ϭ linearized material derivative, Eq. ͑19͒ D / Dt ϭ exact material derivative, Eq. ͑2͒, and selfconvected local derivative, Eq. ͑73͒ D / Dt ϭ self-convected material derivative, Eq. ͑88a͒ ␦ / ␦t ϭ nonlinear local derivative, Eq. ͑72͒ ␦ / ␦t ϭ nonlinear material derivative, Eq. ͑86͒ 
